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Abstract: The method of moments (MoM) continues

to be the most frequently used electromagnetic simula-

tion technique for application to CAD and optimization of

microwave circuits. In this paper, we present an order-

recursive variant of standard LU decomposition for the ef-

ficient solution of large linear systems arising in the appli-

cation of MoM to iterative design problems. In comparison

with the existing matrix methods, which solve the linear

sytem from scratch at each design iteration, the proposed

order-recursive MoM allows a very large portion of recom-

putation to be avoided, leading to extremely efficient design

iterations. Therefore, this contribution is a major advance

toward EM simulation-based (or full-wave) CAD and opti-

mization of microwave circuits.

1. Introduction

Increasing operating frequencies in digital and mi-

crowave systems have necessitated the utilization of full-

wave electromagnetic (EM) simulation techniques, such

as the method of moments (MoM) [1], the finite element

method [2], and the finite-difference time-domain (FDTD)

method [3], for the analysis of high-speed digital cir-

cuits, microwave and millimeter-wave integrated circuits

(MMICS). These rigorous techniques account for physical

phenomena such as surface-wave coupling and radiation,

dispersion, metallization and dielectric losses. However,

they are typically computation-intensive, and therefore, are

of limited use in the computer-aided design (CAD) and opti-

mization of microwave circuits. Therefore, it is desirable to

investigate means of improving the efficiency of full-wave
methods so that a circuit of moderate electrical size can be

simulated in reasonable time on a personal computer (PC)

or a workstation. These computational platforms, and not

large-scale mainframes or supercomputers, seem to repre-

sent the typical design environment in the microwave in-
dustry.

The MoM is perhaps the most widely used EM sim-
ulation method for the analysis and CAD of microwave

circuits. Several software houses offer commercial MoM-

based simulation tools for the microwave circuit designer

(e.g., [4] - [9]). These software packages have the capa-

bility to incorporate optimization features either internally

[5], or by coupling the MoM simulation engine to an ex-

ternal parametrized optimizer [4], [9]. Several researchers

are also investigating methods to improve the efficiency

of MoM-based circuit simulators so that robust CAD tools

and optimizers can be developed for smaller computational

platforms. These investigations include the application of

wavelet transforms to reduce the order of the moment ma-

trix [10], utilization of symmetries and redundancies in the

problem space to efficiently fill the matrix[ 11], space map-

ping optimization techniques [12], and order-recursive lin-

ear system solvers [13].

In the MoM, the boundary value problem for the un-

known current distribution over the surface of the conduc-

tors is formulated as an electrical field integral equation

(EFIE). The EFIE is then converted into a system of linear

algebraic equations (for the current) by the application of 11

suitable basis and testing functions. Parameters of interest,

such as S-parameters, radiation and metallization losses,

can be derived from the computed current distribution. The

current distribution can be computed by implementing the

MoM algorithm either in the space domain (c~ [14]) or in

the spectral domain (c~ [15]).

The system (or moment) matrix that represents the inter-

actions between the basis and the test elements is typically

dense. For moderately high-order models (0( 100 – 500)),

the current distribution may be obtained as the solution of

a system of linear algebraic equations using LU decompo-

sition and subsequent solution of two triangular systems of

equations. The computational complexity of the solution

of system of equations of order N is N3. For several ap-

plications, where N is fixed, the use of conventional LU
decomposition provides an efficient means for solving the

linear systems.
However, in design applications, the order of the lin-

ear system to be solved may change from N to N + M’,

where the original (N x N) data matrix becomes a sub-
matrix of the higher-order (N + M) x (N + M) matrix

as a result of augmenting the model. This is frequently
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encountered, for example, in the tuning of patch antennas

and microwave filters, where the data matrix is recursively

augmented with new row and column vectors that corre-

spond to shorting pins, stubs, etc. In a CAD environment,

the order M of augmentation is usually not known a pri-

ori. At present, each augmented matrix is treated as a new

data matrix and the solution of the augmented system of

equations is recomputed from scratch. The resulting solu-

tion procedure becomes computationally inefficient, and, as

shown elsewhere [13], the computational complexity can

become O((fV + M)4). The authors’ previous investiga-

tions reveal that when small changes are made to the circuit

geometry, they correspond to changes in a small subsystem

of the original linear system to be solved for the current

distribution. The existing software packages with EM sim-

ulators based on the moment method do not take advantage

of the fact that most of the computations performed at a

previous iteration can be embedded into the new system of

algebraic equations. Instead, they remodel the entire sys-

tem and solve the system so obtained from scratch. The

objective of this paper is to apply an order-recursive vari-

ant of LU decomposition to develop a solution procedure

which will allow a very large portion of recomputation to

be avoided, leading to extremely efficient design iterations.

Therefore, this contribution is a major advance toward EM

simulation-based (or full-wave) CAD and optimization of

microwave circuits. The computational complexity of the

proposed method, termed as order recursive method of

moments (ORMoM), is O ( (N + M)3). Clearly, this order

of magnitude reduction in computations is very attractive

for interactive design tasks.

The computational efficiency of ORMoM is illustrated

by applying it to two design problems. First, we consider the

tuning of stub-loaded dual-band patch antennas [16], which

find application in mobile communications systems because

of their lightweight, low profile and ease of fabrication. It is

well-known that rectanguhu microstrip patch antennas with

reactive stubs placed along the radiating edges exhibit dual

frequency operation [16], [17]. Next, we iteratively “fine-

tune” the design of a folded double-stub microstrip filter to

achieve the desired specifications in the pass-band for the
insertion loss. At each iteration, the spacing between, or

the length of the stubs, is varied in either direction (incre-
mented or decremented), as would be typically required in a

circuit optimization environment, and, the modified system
of equations is solved efficient y for the current distribution

by using order recursion.

2. Order Recursive LU Decomposition

The proposed algorithm assumes that all the leading

principal submatrices of the system (or moment) matrix A
are nonsingular. Therefore, the solution (albeit subopti-
mal) can always be computed without the need of pivoting,

Assume that the LU decomposition of A (=LU) has been

computed. Denote an augmented matrix and its LU decom-

position as:

‘:= [*I = [*I [+-i-w
(1)

Then, it is readily seen that the unknowns maybe computed

as:

Of course one must not compute the inverses of matrices

as shown in (2). Instead, the unknowns are obtained by

solution of the triangulm system of equations, which is

known to be numerically stable. The above result is easily

extended to the case when the matrix is bordered by several

rows and columns, Specifically, if

‘:” [*I = [*I [*I
(3)

then, the unknowns may be computed as:

U12 = L;*A~2

L2, = A21U1~1 (4)

L22U22 := A22 – L21U12

where, the last equation in (4) represents an LU decomposi-

tion of the matrix on its right-hand side. We have developed

a similar approach for solving decremented moment sys-

tems, which pertains to the removal of certain elements or

metallization in a structure. This situation is encountered,
for example, when the stub length or separation in a mi-

crostrip filter needs to be decreased iteratively. In this case,

the order of the new matrix is smaller than that of the origi-

nal matrix. For brevity, we have not presented the solution

procedure pertaining to decremented systems.

3. Design Examples

The solution procedure described in Section 2 is applied

to the iterative design of a coax-fed tunable dual-band patch

antenna, whose geometry is shown in Fig. 1. The substrate
is 0.79 mm thick duroid (c. =2.17). The current distribu-

tion on the structure is computed using an efficient PC-based
MoM simulator described in [11]. The patch and the stub

are gridded into a rectangular mesh which supports rooftop

basis functions. The resulting moment matrix for the patch

alone is of the order 216. The return loss of the untuned

patch is shown in Fig. 2 and a fundrunental resonance is ob-

served at 2.5 GHz. In order to provide dual-band operation,

an open-circuited A/4 monolithic stub is connected perpen-

dicular to a radiating edge (Fig. 1) and its position along

the edge or its length is varied iteratively. At each iteration,
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Figure 1: Patch antenna geometry.
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Figure 2: Return loss of the tuned patch antenna.

instead of solving the linear system of moment equations

from scratch, the LU decomposition of the patch is effi-

ciently utilized in solving the augmented system created by

the addition of the stub.

Two positions of the 20 mm long stub are simulated:

(a) center of the radiating edge, (b) 4 mm above the center.

In either case, the 216 x 216 system matrix of the patch

is augmented by 8 rows and columns. Location (a) pro-

duces two resonances at 2.31 and 2.635 GHz (Fig, 2) in

contrast to the experimentally observed values, 2.275 and

2.666 GHz, respectively [16]. The separation of the reso-

nances can be varied by moving the stub along the radiating

edge. Location (b) produces the resonances at 2.35 and 2.65

GHz (Fig. 2), clearly demonstrating the tuning nature of the

stub. Because of symmetry, a similar band separation has

been observed when the stub is located 4 mm below the
center of the radiating edge.

As an indication of computational efficiency of OR-

MoM, the conventional MoM implementation of solving the

currents from scratch at each iteration would have required

2163 + 2243 = 21,317, 120 operations, whereas ORMOM

requires only 2163 +2 x 8 x 2162 = 10, 824, 192 operations

(savings of about 50%). It is evident that the computational

savings would be larger for higher-order problems, and for

those involving many iterations (e.g., in optimization).

Next, we consider the design of a folded double-stub

microstrip filter seen in Fig. 3 with design specifications

given by [12]:

The substrate has a thickness of 5 roils and c. = 9.9. The

two stubs have the same width as the main line, given by

WI = Wz = 4.8 roils, and equal length. The p~ameters

L], Lz and S are varied iteratively as shown in Table 1,

and the performance of the filter is evaluated in terms of the

insertion loss at each iteration until the design specifications

are met. Note that changing L 1 alters the horizontal spacing

between the stubs, whereas changing L2 varies the length

of the stubs. Variation of S affects the vertical spacing be-

tween the stubs. The three designable parameters are either

incremented or decremented at each iteration following the

entries in Table 1, and ORMoM is employed to efficiently

compute the current distribution.

1 1 1-
L1

il
w,

I s 1 L2 2

I
W*

Figure 3: Microstrip double folded-stub filter.

The insertion loss (magnitude of S21 in dB) and return

loss of the filter are plotted in Figs. 4 and 5, respectively.

The design in first iteration does not meet the specifications

on insertion loss at several frequencies in the 12 to 14 GHz

band. Also, both of the notches are quite discrepant from the

optimized solutions of approximately 12 GHz and 14 GHz

[12]. The subsequent iterations are observed to improve

the insertion loss toward the specifications, with the fourth

iteration yielding a response close to the best-optimized fine

model simulation in Fig. 9 of [ 12]. In a frequency band of

approximately 0.5 GHz around 13 GHz, the insertion loss

for all the iterations is offset from the design specification of

-30 dB by about 2 dB. This is perhaps within the numerical

accuracy of the moment method implementation used in
either investigation. The return loss shown in Fig. 5 is

nominally less than -10 dB in each passband around the
central notch of 13 GHz, and clearly demonstrates the band-

reject nature of the filter.
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Iter. Ll L2 S

1 90 80 4.8

2 91.5 85.7 4.1

3 93.7 85.3 4.6

4 92.1 85.1 4.2

Table 1: Parameters for iterative design of the folded-stub filter
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Figure 4: Iterative double folded-stub filter design: IS211.
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Figure 5: Iterative double folded-stub filter design: ISI ~1.

4. Conclusions

An order-recursive variant of conventional LU decom-

position has been presented for the efficient solution of lin-

ear systems arising in an iterative moment method simu-

lation, with potential application tomicrowave CAD and
optimization, The method is illustrated by interactive de-

sign of a tunable dual-band microstrip patch antenna and a

microstrip band-reject filter. We are currently investigating

the application of ORMOM to improve solution accuracy

and numerical resolution of the simulation by increasing

the cell density in regions of high field variation, keeping

lower density in others. The goal is to provide an efficient

full-wave analysis tool for EM optimization, which does not

have the serious limitation [12] of having the same cell size

in all computational regions.
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